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ABSTRACT 

In this paper we formally expand hidden Markov 
models (HMM) by symbol emissions in state changes. 
These expanded hidden Markov models (eHMM) can 
contain more information than original HMM with the 
same number of states. This is a necessary step towards 
the definition of hidden non-Markovian models on the 
basis of discrete stochastic models. These are most of 
the time event driven, which makes it necessary to 
attach information to the state changes that represent 
the events. The paper shows that the extended paradigm 
is to some extent equivalent to original HMM, and 
gives an example of the new possibilities using hidden 
non-Markovian models. 

MOTIVATION 

Simulation most of the time involves the need to 
model a real or planned system and then predict its 
behavior to some extent. This process heavily depends 
on structural and statistical knowledge about the 
system’s behavior and parameters. For various reasons, 
sometimes one is not able or not willing to observe the 
complete system internals, but rather focuses on the 
system’s visible interaction with the environment. 

This could be the case, when one wants to diagnose 
the engine of a car without taking it apart, but by solely 
looking at some protocol that can be read out 
electronically. This error protocol can also be viewed as 
a sequence of signals that the hidden system (engine 
internals) emits. In case of a satellite in orbit it might 
not even be feasible to examine the object itself, but one 
has to rely on the signals emitted by the satellite in 
order to diagnose it, since the cost of sending a 
technician into space is just too high. 

Many real systems can be represented using discrete 
stochastic models such as Petri nets. Extending these by 
the modeling and analysis of so-called rewards is a way 
to include observable output in these models. Petri nets 
are event-driven; the state transitions are the active 
elements and they model the dynamic elements of the 
real process. So-called impulse rewards can be 
associated with state transitions, and can model costs, 
protocol signals and much more. However, the analysis 

methods for Petri nets do not account for hidden 
information and the system is always assumed to be 
observable as a whole. 

Hidden Markov models (HMM) on the other hand 
can model hidden processes with observable outputs. 
HMM consider the symbol being emitted in certain 
state, regardless of the previous or following state. 
However, the hidden model of HMM is usually a 
discrete-time Markov chain (DTMC). This restricts the 
modeling capabilities of the paradigm to geometric state 
duration distributions in the discrete case.  

Combining the advantages of HMM and Petri nets, it 
would be possible to model more general hidden 
models which are event driven. Hidden non-Markovian 
models that can model more realistic behavior than 
DTMCs, could be analyzed with the methods of HMM, 
which expands the range of possible application areas.  

The first step is to make HMM event-driven, which 
means associating the emission of symbols with a state 
transition, rather than with a state. The second step is 
then based on these eHMM the formalization of hidden 
non-Markovian models, which will not be described 
here. In this paper we formally define expanded hidden 
Markov models (eHMM) by associating symbol 
emissions with the state changes of HMM. We also 
adapt the three major algorithms that are used for the 
different analysis procedures, namely the forward 
algorithm for Evaluation, Viterbi for Decoding and 
Baum-Welch for Training of eHMM. The paper also 
gives an example of a hidden non-Markovian model to 
show the possible applications of the new paradigm. 

STATE OF THE ART 

Hidden Markov models and their application in 
speech recognition were first published around 1970; 
one of the first papers is (Baum et al. 1970). A 
comprehensive summary of the theory including 
algorithms and application examples can be found in 
(Rabiner 1989). The notation used in this current paper 
is based on the notation in (Rabiner 1989). In order to 
make the models more flexible, some research was 
done on explicit state duration densities (hidden semi-
Markov models), which however complicated the 
solution algorithms (Russel and Moore 1985). 
Expanding all HMM states to a sub-HMM was also 
used to realize more general state duration distributions 



(expanded state HMM) (Russel and Cook 1987). This 
increased the number of free parameters, the sub-HMM 
topologies were not very flexible, and the performance 
was tuned to speech-recognition systems. In (Wickborn 
et al. 2006) a method is described to find the trace 
probability and the corresponding state sequence for 
continuous stochastic models with generally distributed 
transitions, but the method is not applicable for the 
training of models. In (Isensee et al. 2006) a method for 
the training of hidden non-Markovian models using 
phase-type distributions was introduced. 

Hidden Markov Model Background 

Classical HMM are discrete-time Markov chains 
(DTMC) that stochastically emit a symbol at every time 
step, depending on the state that the hidden process 
currently resides in. These are so-called double 
stochastic processes and are sometimes also called 
signal models. They are widely used in speech 
recognition systems and sometimes in pattern 
recognition. (Rabiner 1989) 

A hidden Markov model can be described by a 5-
tuple (S,V,A,B,Π). S is the set of states of the DTMC. V 
is the set of output symbols. A is the transition 
probability matrix of the DTMC. B is the output 
probability matrix, with bij being the probability to 
output symbol vj in state si. Π is the initial probability 
vector of the DTMC. A sequence of states of the 
DTMC is denoted as Q={q1,q2,q3,…, qT} and an 
observed output sequence as O={o1,o2,o3,…,oT} with T 
being the maximum number of steps of the DTMC. A 
parameterization of a specific HMM is often denoted by 
λ=(A,B, Π) which fully defines the model. 

There are three basic questions that can be answered 
for an HMM and a given output sequence (trace). 

1. What is the probability of producing the given 
output sequence O with the given model λ? 

2. What is the most probable state sequence Q of 
the model λ that produced the observed output 
sequence O? 

3. Maximize the probability with which the 
model λ produces the output sequence O by 
training the parameters of the model. 

The first question can be efficiently answered by the 
forward algorithm (Rabiner 1989). The most likely state 
sequence can be determined by the Viterbi algorithm 
(Viterbi 1967). The third task of training an HMM 
model is solved by the so-called Baum-Welch 
algorithm (Baum et al. 1970).  

eHMM – DEFINITION AND NOTATION 

First the basic definition of eHMM is adapted from 
HMM. Most of the components stay the same. The 
changes are that the state sequence is extended by one 
state and starts at time t=0. This makes it also one 
element longer than the symbol trace. The most 
important change can be found in the emission 

probabilities B. These are no longer attached to a 
specific state, but to a transition between two states. 
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The emission probabilities B can no longer be stored 
in one matrix, but in a set of matrices, one for each 
symbol, that contains the probability that the symbol is 
emitted for a specific state change. The sum of the 
emission probabilities for each state change has to be 1. 
Therefore the following condition holds: 
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eHMM - THE THREE ANALYSIS ALGORITHMS 

The three basic problems that can be solved using 
HMM are Evaluation, Decoding and Training. Each of 
them has different practical applications. These will 
now be adapted to eHMM. 

Problem I : Evaluation 

The evaluation problem takes a given model λ=(A,B, 
Π) and a given output sequence O. The question is the 
following: What is the probability that the given output 
sequence was produced by the given model? 

)|(, λλ OPO ⇒  

Forward Algorithm 
The forward algorithm is an iterative algorithm, 

which step by step computes the probabilities α of the 
growing sub-sequences. Thereby it has a complexity of 
O(N*T) as opposed to the brute force approach O(NT) 
that evaluates all possible paths separately. 
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The algorithm can be easily modified to allow for 
symbol emissions in state changes. The value of αt(i) 
now describes the probability of having emitted the 
symbol sequence o1…ot and ending up in state si. 

Backward Algorithm 
The backward algorithm works analogously to the 

forward algorithm, but starts to evaluate the trace at the 
end. It is mentioned here for completeness and because 
the β values are needed later on for the Baum-Welch 
algorithm. 
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The algorithm can also be easily modified to allow 
for symbol emissions in state changes. The value of 
βt(i) now describes the probability of having emitted the 
symbol sequence ot+1…oT when starting in state si. 

Problem II : Decoding 

The decoding problem takes a given model λ=(A,B, 
Π) and a given output sequence O. One then tries to 
retrace/reconstruct the behavior of the hidden model 
that produced the given output most likely according to 
some measure. 

),|(maxarg, λλ QOPO
Q

⇒  

Individual most likely states 
Using the original HMM definition, one way of 

decoding a given trace is to determine the individually 
most likely state to produce a certain output symbol in 
the sequence and then take that as the solution. The 
problem is that the resulting state sequence might not be 
valid, since transitions between two successive states 
might not be possible if the transition probability is 0. 

This approach does not work here, since two 
successive most likely state changes cannot be as easily 
connected as two successive states. The target state of 
the first transition and the source state of the second 

transition have to be the same to produce a valid state 
sequence. This is even more serious than having zero 
probability to change between two successive states. 

Viterbi Algorithm 
The Viterbi algorithm decodes a given symbol 

sequence by determining the most probable sequence of 
states to have produced it. The algorithm has a similar 
structure to the forward algorithm. 
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The algorithm can also be easily modified to allow 
for symbol emissions in state changes. The value of δt(i) 
now contains the probability of the most likely path that 
emitted the symbol sequence o1…ot and ends up in state 
si. The most likely state sequence so far for each current 
state si, which is needed for backtracking, is stored in 
ψt(i). The resulting most likely state sequence to have 
produced the output O is also called the Viterbi path. 

Problem III : Training 

The problem of training HMMs is by far the most 
difficult, and is more an optimization task than a direct 
solution. The training problem takes a given output 
sequence O and a model size given by the model states 
S and the output symbols V. The task is to find the most 
likely model to have produced this output sequence. 

)|(maxarg λλ
λ

OPO =⇒  

Baum-Welch Algorithm 
The Baum-Welch algorithm is an optimization 

algorithm that takes an initial model specification and 
improves it successively through several iterations 
called epochs, ensuring that the probability to emit the 
output sequence is increased in every iteration.  

The αt(i) and βt(i) are the terms calculated by the 
forward and backward algorithm. γt(i) contains the 
probability of being in state si given the current model 
configuration and output sequence. The summation of 
the γt(i) over the length of the trace yields the total 



probability of being in state i given the current model 
and trace. 

ξt(i,j) contains the probability of the state change 
from si to sj emitting the given symbol ot from step time 
t-1 to t. This is only defined if aij>0. The summation of 
the ξt(i,j) over the length of the trace yields the total 
probability of a state change from i to j given the 
current model and trace. 
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These values are now used to re-estimate the model 
parameters λ=(A,B, Π) as follows. The re-estimation 
step needs to be performed until a predefined stability 
criterion is satisfied, that signifies, that no further 
improvement can be found for the model parameters. 
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The re-estimation formulas can be transformed to fit 
the new model definition. Therefore the expanded 
HMM can also be trained using the Baum-Welch 
algorithm. The resulting procedure should still suffer 
from the same drawbacks as the original models. It is 
still a local optimization method, which moves in the 
direction of steepest descent and is very expensive, 
having to run through the forward and backward 
procedures for every epoch. 

EQUIVALENCE OF  eHMM 

In this section we will show that a standard HMM can 
be transformed into an expanded HMM, which makes 
the latter at least as powerful as HMM.  

The example system is a small web server that cannot 
be observed directly. An internet user is trying to 
deduce the server’s current condition based on its 
answers to ping requests. The HMM models the web 
server that can be either working in the states Idle or 
Busy or that can be in state Failed (see Figure 1). To the 
outside user in the web the actual state of the web 
server is not visible, he can only observe the answer to 
the ping request once every time unit, which is either a 
ping reply or a timeout. By analyzing the observed 
traces, he can draw inferences on the actual state of the 
web server. The parameter of the model are the initial 
state probability vector Π, the state transition 
probability matrix A and the output probability matrix 
B, which can all be derived from the Figure. 

 
Figure 1 : Original HMM with Parameters 

This model λ=(A,B, Π) can easily be transformed into 
an eHMM λ’=(A’,B’, Π’): 

• The transition probability matrix stays the 
same A' := A 

• The output probabilities shift from the states 
to the state changes, by using the output 
probabilities of the target state for a state 
transition bij'(k) := bj(k) 

• The initial probability vector has to be 
computed by solving the following linear 
system of equations (assuming it to be a row 
vector) Π = A Π '. 

The new calculation of the initial probability vector 
becomes necessary, because the state sequence of the 
eHMM has one more element than the output sequence 
or the original state sequence of the HMM. 

After these transformations, the model shown in 
Figure 2 is produced. The changed elements are marked 



in red. The major change is the shifting of the output 
probabilities from the states to the state transitions. 

 
Figure 2 : Equivalent Expanded HMM with Parameters 

The models are equivalent in the sense that they 
produce the same output sequences with the same 
probabilities. As an example the output probabilities of 
two sequences were computed using the original and 
the modified forward algorithm. The Viterbi algorithm 
was used to compute the most likely state sequences 
that produced the output.  

The internet user has observed two sequences: (ping, 
ping, ping) and (ping, timeout, ping). He wants to know 
the absolute probability of each trace and the most 
likely hidden state sequences that produced them. The 
results of the forward and Viterbi algorithm for the 
given models is shown in Table 1. P(O|λ) is the 
absolute probability of emitting trace O with the 
original HMM; P(O|λ') is the probability of emitting 
trace O with the equivalent eHMM. The probabilities 
are exactly the same in both cases. Q is the Viterbi path 
of the HMM, and Q’ the Viterbi path of the eHMM. F 
denotes the hidden model state Failed and I the state 
Idle. The last three elements of the paths are equivalent. 

Table 1 : Results of HMM and eHMM 
Sequence O (ping,ping,ping) (ping,timeout,ping) 
HMM Probability P(O|λ)=0.26448 P(O|λ)=0.132672 
eHMM Probability P(O|λ’)=0.26448 P(O|λ’)=0.132672 
HMM Viterbi path Q=I,I,I Q=I,F,I 
eHMM Viterbi path Q’=I,I,I,I Q’=I,I,F,I 

 
The equivalence of the output trace probabilities can 

even be proven inductively, as the following formulas 
show.  

jj

obai

onconstructibyoboboba

onconstructibyaobj

Basis

N

i
ijij

ijjj

N

i
ijj

N

i
jijjjj

∀=

=

==

==

∑

∑

∑

=

=

=

)('

)('')('

))(')(()(''

)'()()(

1

1
10

111
1

1
11

α

α

π

πππα
 

Ttiii
Conclusion

j

obai

onconstructibyobobobaij

StepInductive
iii

Assumption

tt

k

N

i
kijijk

tijtjkj

N

i
ijkk

kk

K1,)(')(

)('

)(')('

))(')(()()()(

)(')(

1

1
1

1
1

1

=∀=

=

=

==

∀=

+

=
+

+
=

+

∑

∑

αα

α

α

αα

αα

 

The terms calculated by the forward algorithm are the 
same for the HMM as for the equivalent eHMM. All 
terms of the eHMM are marked by an apostrophe. The 
Basis shows that the terms α1(i) and α’1(i) are 
equivalent, by replacing the single terms by their 
equivalents, based on the defined transformation rules. 
Based on the assumption that the terms for step k are 
equal, it is concluded, that the terms for k+1 must be 
equal. Therefore this equality holds for all t>0. 

The proof of equivalence of the Viterbi path can be 
done analogously to some extent. The assumption is, 
that the last T elements of the eHMM Viterbi path are 
the same as the HMM Viterbi path. The idea is that if 
the first element of the HMM Viterbi path is the same 
as the second element of the eHMM Viterbi path, then 
the following elements will also be equivalent. The 
problem is, that the base assumption is not given in all 
cases, since the two-element eHMM Viterbi path might 
not contain the most likely starting state max(πi) of the 
HMM, since the πi are the weighted sum rather then the 
maximum of the π’i. However, in the given example, 
the Viterbi paths of the two models are equivalent. 

These results show that the example transformation 
was done correctly and the adapted algorithms produce 
results that are equivalent to the original ones. The 
equivalence was proven for the forward algorithm, and 
was tested on an example for the Viterbi algorithm. We 
did not test the Baum-Welch algorithm for several 
reasons. First of all, the equivalence of the results might 
not be given, since a different model is trained, with 
more free parameters, and secondly an implementation 
of the adapted algorithm is still future work. 

The reverse transformation of an arbitrary eHMM 
into an HMM is not as intuitive as the approach 
described in this section. Extra states have to be 
introduced to account for the increased amount of 
information in an eHMM. Artificial constructs might 
become necessary such as states with no probability to 
stay in. The dual graph that could be constructed using 
graph theory, is only defined on planar graphs, which 
does not have to be the case for Markov chains.  

MOTIVATING EXAMPLE 

An example of an interesting hidden non-Markovian 
model is given in this section. It will show the increased 



modeling power of the new paradigm, which involves 
symbol emissions in state changes. The example is that 
of a machine in a factory. This machine is essential for 
the availability of the whole production line and is often 
maintained to prevent failures. Even though, the 
machine fails from time to time, and can therefore be in 
the three state OK, Failed or Maint. The times between 
failures and the maintenance intervals can have any 
distribution type, for example Weibull for the failure 
(TF) and Normal for the maintenance interval (TMI). The 
maintenance of a machine can produce cost of three 
different categories, depending on the extent of repair 
necessary (10€, 20€ or 30 €), each having a different 
probability to occur. Similarly the cost for the repair of 
a failed machine can be grouped into 3 categories, 
depending on the severity of the disruption (30€, 100€ 
or 200 €). The time necessary for either repair or 
maintenance can again have any kind of probability 
distribution such as Lognormal. The production 
manager only gets the record of the bookings that were 
the results of the repairs or maintenances, but not the 
exact events that produced them. 

 
Figure 3 : Example of Hidden non-Markovian Model 

This system could be interpreted as a hidden non-
Markovian model (see Figure 3), with the machine 
being the internal hidden part and the bookings as 
observable symbol emissions. It would not be possible 
to model this using an HMM, since the underlying 
model is not a DTMC. Several interesting questions 
could be answered using this abstraction: 

• How probable is a certain booking record? Which 
series of events produced that record most likely? 

• What is the machine availability of the possible 
generating paths, and how does that compare to the 
actual observed availability of the machine? 

• How would the behavior of the system change, 
when changing maintenance intervals? 

• Are there any frequent failure sequences? What 
produced them? Could they be prevented by using 
more reliable system components? 

These questions can be answered using hidden non-
Markovian models and the analysis methods of both 
HMM and Petri nets. The new combined paradigm 
enables the direct utilization of system output for the 
parameterization, diagnosis and analysis of not directly 
observable behaviour. This was not possible by using 
either HMM or Petri nets alone. 

CONCLUSION 

In this paper we expanded the definition of hidden 
Markov models to symbol emissions in state changes.  
We first expanded the basic definition of HMM and 
then adapted the three basic analysis algorithms to this 
new definition. We then gave an example of the 
equivalence to the old notation, and an example of the 
usefulness of hidden non-Markovian models. 

This new definition shifts the focus of the model from 
the states to the state changes, the events. This is 
necessary to be able to analyze discrete stochastic 
systems using the proposed methods, since there the 
events are the driving force of the model behavior. 
Using this newly defined paradigm of eHMM we can 
now proceed to the formalization of hidden non-
Markovian models. These will open up a whole new 
range of possible applications of the analysis methods 
of HMM. These applications might include the analysis 
of systems by only looking at failure protocols or the 
prediction of machine performance based on the 
previous machine behavior. 
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